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lce: an awesome problem

. C\M‘\So‘\'\’o?] c

Stolug Slow

...velocity, pressure, temperature, free surface all evolve
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» |. Introduction to viscous fluids
» II. Exact solutions

» IIl. Finite element solutions



Stress: force per unit area

A tornado sucks up a penny. At any time:

» The fluid into which n points exerts a
force on the penny
» Force / area = stress
» The stress vector is a linear function of n
> In a Cartesian system: stress = o - n
» o is the Cauchy stress tensor
Quiz:

Suppose there is no p > 0 such that 0 - n = —pn.
Physical interpretation?



Decomposition of stress

» In a fluid at rest, 0 - n = —pn, so
o= —pl
» In general, choose p = —Trace(o)/d, so
o=—pl+71

where 7 has zero trace.

... this defines pressure p and deviatoric stress T



Strain rate

v

let u be a velocity field
Ju;j
8X,'

v

the gradient of a vector is the tensor (Vu);; =

v

1
define Du = _(Vu + Vu')
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» in 2D: Du = 5 % ]aﬂ 12% 2
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» Du is the strain rate tensor.

True or False:
“Since Du is a derivative of velocity, it measures acceleration.”



Constitutive Laws: Newtonian

How does a fluid respond to a given stress?

» For Newtonian fluids (e.g. water) a linear law:
7 =2uDu

The proportionality constant w is the viscosity.



Constitutive Laws: Glen's

For glacier ice, a nonlinear law.

> define

1 1
7]l = ETI’(TTT) and ||Du| = 5Tr(DuTDu)

> assume

1Dl = A"

» the law is either of

7= (Al7r|") " Du
= A—l/n ||Du||(1—n)/n Du

A is the ice softness, n ~ 3 is Glen's exponent.



Stokes Equation

What forces act on a blob occupying a region Q within a fluid?
> body force, gravity: [, pg
» force exerted by surrounding fluid: [0 -n= [( V-0

Force = rate of change of momentum

0
/ng+V~J—0t/qu

D

= — pu.
o Dt”

D
In glaciers, Fr= | = pu : 1071
n glaciers, Fr ‘Dtpu ‘p| < SO

pg+V-0=0.



Incompressible Stokes System (two versions)

pg+V-o
V-u =0

V.o=V-74+Vp
=2uV-€—-Vp
= uV - (Vu) +uV - (Vu') - Vp

0 0y 0 B
V'(VU)—ainaXi—a)(i(v U)—O
0 Ou;
. T = — I:
V- (Vu') D Ox;

—pAu+Vp = pg
V-u =0



The Biharmonic Equation

» for 2D, incompressible flow: u = (v,0,w) and V - u
> there is a streamfunction v such that ¢, = u, —,

> take the curl of the Stokes eqn

V x| —ulAu+Vp=pg

to get the biharmonic equation

Yxoox + 2Wxxzz + V2222 = 0

or

AN = 0.

Quiz: give an example of a function solving the biharmonic eqn.



lce: an awesome problem
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Stolug Slow

...velocity, pressure, temperature, free surface all evolve



Slab-on-a-slope: a tractable problem

[ i o
5 linear, ®
o isotropic ’?" “l’ 8
O Stokes flow ,
Dirichlet: f
et (u,w) = (f,0) —
...no evolution

g = (g1,82) = pg(sin(«), — cos())



Stokes bvp

find a velocity u = (u, w) and pressure p such that

—Vp+ plAu=—g on Q
V-u=0 on

u(0,z) —u(L,z) =0 for all z
u(0,z) —uy(L,z) =0 for all z
u=f on {z =0}

w=0 on {z =0}

wy +u, =0 on {z =H}

2wy — (Usx + Uzz) = g1/ 10 on {z=H}

where
f(x) =ao+ > req ansin(Anx) + by cos(Anx).



biharmonic bvp

find a streamfunction 1) such that

AN =0 on Q

¥2(0,2) — ¥2(L,z) = for all z
Uxz(0,2) — Pxz(L, 2) = for all z

P (0,2) —9y(L,z) =0 for all z
Yux(0,2) — ux(L,2) =0 for all z
P(x,0) =0 for all x

Vz(x,0) = f for all x

Yz (x, H) — Yy (x, H) = 0 for all x
3oz (X, H) + 1zz2(x, H) = —g1 /1t for all x.

(1)



biharmonic bvp, subproblem: f =0

Y(x,z) = Mzz—éz3 — H 2p
2u b w(x,z) =0

...this is Newtonian laminar flow, a well known solution.



biharmonic bvp, subproblem: f £ 0

strategy:
» separate variables: ¢(x, z) = X(x)Z(z)

2
» periodicity: take X(x) = sin(Ax) + cos(Ax) for A = %n

v

the biharmonic eqn reduces to an ODE:

0= A%(XZ) = X [X‘z — N7 4 Z(iv)}

v

for A > 0 this gives

Z(z) = asinh(Az) 4+ bcosh(Az) + czsinh(Az) + dz cosh(Az)

v

homogeneous bcs determine b, ¢, d in terms of a

v

weighted sum gets the nonzero condition



Exact Solutions

Horizontal Component of Velocity:

gH_ & » AnH?(an sin(Apx) + by cos(Anx)) ,
uxz—a—i——z—— +E Z(z
(o2) = 2 - A2H2 4 cosh?(\,H) ()

where

7'(z) = f% cosh()\,,H)(sinh()\,,(z — H)) + Az cosh(An(z — H)))

n cosh(ApnH) — A\pHsinh(A,H)
AnH?

+ Apzsinh(An(z — H))) + A\, cosh(Anz).

: (cosh()\,,(z —H))



Exact Solutions

Vertical Component of Velocity:

- A2H? _
w(x,z) = ; R cnoshz()\,,H) (bnsin(Apx) — ap cos(Anx))Zn(2)

where

Z,(z) = sinh(A\pz) — %cosh()\nH)z sinh(Ap(z — H))

(conng) - sinh(,jnH)) zcosh(An(z — H))




Exact Solutions

Pressure:

p(x,z) = g2z — g2H

A3 H(a, cos(Anx) — bpsin(Anx))
+2
MZ A2 H? +cosh2()\ H)

[sinh()\nz) - (:osf;\i),:l,,l-l) cosh (Ap(z — H)) |.

.. this is new.
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The finite element method

» numerical approximation of p and u

> requires a mesh of the domain:

12, 41 13 45 14, 48 15
42 4 39 4 43 47 46
8 31 9 35 10, 38 11
32 3 29 3 33 37 36
4 19 5 24 6 28 7
20 17 16 2 21 2 25
0 18 1 23 2 27 3

> leads to a system of linear equations Ax = b




Variational Formulation: incompressibility

Incompressibility: V -u = 0.

We seek a u € HY(Q) such that for all g € L2(Q2), we have

/qV-u:O.
Q

u is a trial function;
g is a test function.



Variational Formulation: Stokes

Put 0 = 7 — pl in the Stokes equation:
0=V.-7—Vp+pg

Dot with v € H! and integrate over Q. Integration by parts gives

/T:Vv—/pv-v—/ n-a-v:,o/g-v.
Q Q o0 Q

More manipulation gives

;M/KZ(VUT—FVu):(Vv—l—VvT)—/QpV-v:p/Qg-v.



Variational Formulation

Find (u, p) € HE x L2 such that for all (v, q) € HE, x L? we have

;,LL/Q (VUT+VU) : (Vv+VvT)—/QpV-v+/Q qV-u :p/Qg-v.

Still a continuous problem: (u, p) satisfy many conditions.

Make a discrete problem using finite-dimensional spaces.



Pressure Approximation space

Continuous functions that are linear on each triangle:

a 16-dimensional space with a convenient basis.



Velocity Approximation space

Continuous functions that are quadratic on each triangle:
1

0.33 0.67 033 0.67

a 49-dimensional space (per component) with a convenient basis.
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Implementation |

...based on [Jar08] but with an important difference

1 from dolfin import =*

> #Set domain parameters and physical constants

3 Le,He = 4e3, 5e2 #length, height (m)

4 alpha = 1xpi/180  #slope angle (radians)

5 rho,g = 917, 9.81 #density (kg m—3), gravity (m sec—2)
6 mu = lel4 #viscosity (Pa sec)

7 G = Constant((sin(alpha)xgx«rho,—cos(alpha)xgxrho))

8 #Define a mesh and some function spaces

o mesh = Rectangle(0,0,Le,He,3,3)

10V = VectorFunctionSpace(mesh, "CG", 2) #pw quadratic
1 Q= FunctionSpace(mesh, "CG", 1) #pw linear
2W=V x Q #product space

13
14
15
16
17
18

""" Define the Dirichlet condition at the base
def LowerBoundary(x, on_boundary):
return x[1] < DOLFIN_EPS and on_boundary
SlipRate = Expression (("(34+1.7«sin (2xpi/%s*x[0]))\
/31557686.4"%Le,” 0.0” ))
bcD = DirichletBC(W.sub(0), SlipRate, LowerBoundary)



Implementation Il

19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38

#Define the periodic condition on the lateral sides
class PeriodicBoundary_x(SubDomain):
def inside(self, x, on_boundary):
return x[0] = 0 and on_boundary
def map(self, x, y):
y[0] = x[0] — Le
y[1] = x[1]
pbc_x = PeriodicBoundary_x ()
bcP = PeriodicBC(W.sub(0), pbc_x)
""" Define the variational problem: a(u,v) = L(v)""”"
(v-i, g-i) = TestFunctions (W)
(u-i, p-i) = TrialFunctions (W)
a = (0.5%muxinner(grad(v_i)+grad(v_i).T, grad(u-i)\
+grad(u-i).T) — div(v_i)*p_-i + qg-i*xdiv(u_-i) )=dx
L = inner(v.i, G)xdx
""" Matrix assembly and solution
U = Function (W)
solve (a=L,U, [bcD,bcP])
""" Split the mixed solution to recover u and p
(u, p) =U.split()

IRIRT]



Convergence to Exact Solutions
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