Free boundaries
and
conservation equations
in ice sheet models

Ed Bueler

Dept of Mathematics and Statistics, and Geophysical Institute
University of Alaska Fairbanks

CESM LIWG 2015

Ed Bueler (UAF) Free boundaries and conservation equations CESM LIWG 2015 1/18



Outline

o The problem I'm worried about:
@ Time-stepping free-boundary fluid layer models.

e Practical consequences:
@ Limitations to discrete conservation.
@ Need for weak numerical free boundary solutions.
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A fluid layer in a climate

@ mass conservation PDE for a layer:

his athickness: h >0

mass conservation PDE applies only where h > 0
q is flow (vertically-integrated)

source f is “climate”; f > 0 shown downward

O O O O
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A fluid layer in a climate: the troubles

@ h =0 and what else at free boundary?
o shape at free boundary depends on both g and f
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A fluid layer in a climate: the troubles

@ h =0 and what else at free boundary?

o shape at free boundary depends on both g and f
@ f < 0 not “detected” by model where h=10

o how to do mass conservation accounting?
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A fluid layer in a climate: the troubles

@ h =0 and what else at free boundary?

o shape at free boundary depends on both g and f
@ f < 0 not “detected” by model where h=10

o how to do mass conservation accounting?
@ f =~ 0 threshold behavior

o h>0assoonasf<0switchestof>0
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@ the icy region is nearly-fractal and
disconnected

@ currently in PISM*:

o explicit time-stepping

o free boundary by truncation
@ want for PISM:

o implicit time steps

o better conservation

accounting to user

*= Parallel Ice Sheet Model, pism-docs.org

B ice-free land
I grounded ice
[ ice shelves
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Examples

glaciers ice shelves & sea ice

tidewater marsh tsunami inundation
and subglacial hydrology, supraglacial runoff, surface hydrology, ...
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Anyone numerically-solved these problems before?

@ yes, of course!

o generic result: ad hoc schemes near the free boundary

k=1 k k+1 k+2

glacier ice

on steep terrain
(Jarosch, Schoof, Anslow, 2013)
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volume-of-fluid method at ice shelf fronts
(Albrecht et al, 2011)

volume-of-fluid method at glacier surface
(Jouvet et al 2008)
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New goals

@ ldon'tmind “if ...then ...” inmy code, but|want to know
what mathematical problem is behind it

o maintaining code with those ad hoc schemes scares the #!*& out of
me
@ my goals:

o redefine the problem so free boundary is part of solution
o tell the model user what is going on at the free boundary
o find numerical schemes which automate the details
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Numerical models must discretize time

Hn— Hp_
h+v-q=f — 2 "1 .v.Q,=F,
At
@ semi-discretize in time: Hp(x) ~ h(ty, x)
@ the new equation is a “single time-step problem”

o a PDE in space where H, > 0
o called the “strong form”

@ details of flux Q, and source F, come from time-stepping scheme
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1D time-stepping examples

same:

; ? equation
% +VvV.-Qy="f
@ climate f

@ bed shape

@ constrained-
Newton scheme

how different
are the fluxes
Q,?

Ed Bueler (UAF) Free boundaries and conservation equations CESM LIWG 2015 10/18



1D time-stepping examples

Qn =V Hn
hyperbolic
(constant velocity)

Q, = _r|Hn|n+2
| Vhn|"= 1V hp
highly-nonlinear diffusion
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Subsets for time-stepping and conservation

@ suppose H, solves the single time-step problem
@ define

Q, = {Hn(x) =0and H,_1(x) > 0} <« retreat set
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Reporting discrete conservation

@ define:
M, = / Hn(x) dx mass at time t,
Q

@ then

]At(—v-on+Fn)\

—
My, — M,_ :/ Hp — Ho_q |dx + 0— Hp_1dx
= At (0+/ F,,dx)—/ H,_1 dx

Qn {7

@ new term:

R, = / Hn_1 dx retreat loss during step n
Qp
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Reporting discrete conservation: limitation

@ the retreat loss R, is not balanced by the climate

o Rpis caused by the climate, but we don’t know a computable
integral to balance it

@ we must track three time series:
o mass at time {,: My = |, Hn(x) dx
o climate (e.g. surface mass bal.) over current fluid-covered region:

tn
Co=nOt | Fydx~ / (1, x) dx dit
Qn tn—1 Qn

o retreat loss during time step: Rn = [o Ha—1dx

@ now it balances:
My = Mnf1 + Cn Al
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Reporting discrete conservation: R, — 0 as At — 0

n

/\Rn
ﬁ I
2 4 6
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Weak form incorporates constraint

@ define:

K= {v e WP(Q) ’ V> 0} = admissible thicknesses

@ we say H, € K solves the weak single time-step problem if

/H,,(v—Hn)—Ath-V(v—Hn)>/(Hn_1 +ALF) (v — Hy)
Q Q

forallve K

o derive this variational inequality from:

o the strong form and
o integration-by-parts and
o arguments about H, = 0 areas
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Weak solves strong, and it gives more info

@ assume Q, =0when H, =0
o this means Q, describes a layer

@ assume H, € K solves weak single time-step problem
@ then
@ PDE applies on the set where H,, > 0:

Hn - Hn71

At + v N Qn = Fn
@ information on the set where H,, = 0:

Hn—1 +AtFn§0

o this means “mass balance was negative enough during time step to
remove old thickness”
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Numerical solution of the weak problem

the weak single time-step problem:

@ is nonlinear because of constraint (even for Q,, linear in Hp)
@ can be solved by a Newton method modified for constraint

o reduced set method
o semismooth method

@ scalable implementations are in PETSc 3.5
o see “SNESVI” object
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Summary

@ layer flow model has conservationegn. h;+V-q="f
o long time steps wanted, but this is a free-boundary problem ...
@ claim: exact discrete conservation requires tracking retreat loss
o in addition to computable integrals of climate
o it only disappears in At — 0 limit
@ suggestions:
o include constraint on thickness: h > 0
o pose single time-step problem weakly as variational inequality
o solve it numerically by constrained-Newton method
@ these are agnostic claims/suggestions, with respect to:
o form of the flux q
o spatial discretization paradigm (i.e. finite diff./volume/element)

Ed Bueler (UAF) Free boundaries and conservation equations CESM LIWG 2015 18/18



	The problem I'm worried about:
	Time-stepping free-boundary fluid layer models.

	Practical consequences:
	Limitations to discrete conservation.
	Need for weak numerical free boundary solutions.


	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	0.25: 
	0.26: 
	0.27: 
	0.28: 
	0.29: 
	0.30: 
	0.31: 
	0.32: 
	0.33: 
	0.34: 
	0.35: 
	0.36: 
	0.37: 
	0.38: 
	0.39: 
	0.40: 
	0.41: 
	0.42: 
	0.43: 
	0.44: 
	0.45: 
	0.46: 
	0.47: 
	0.48: 
	0.49: 
	anm0: 
	1.0: 
	1.1: 
	1.2: 
	1.3: 
	1.4: 
	1.5: 
	1.6: 
	1.7: 
	1.8: 
	1.9: 
	1.10: 
	1.11: 
	1.12: 
	1.13: 
	1.14: 
	1.15: 
	1.16: 
	1.17: 
	1.18: 
	1.19: 
	1.20: 
	1.21: 
	1.22: 
	1.23: 
	1.24: 
	1.25: 
	1.26: 
	1.27: 
	1.28: 
	1.29: 
	1.30: 
	1.31: 
	1.32: 
	1.33: 
	1.34: 
	1.35: 
	1.36: 
	1.37: 
	1.38: 
	1.39: 
	1.40: 
	1.41: 
	1.42: 
	1.43: 
	1.44: 
	1.45: 
	1.46: 
	1.47: 
	1.48: 
	1.49: 
	anm1: 
	2.0: 
	2.1: 
	2.2: 
	2.3: 
	2.4: 
	2.5: 
	2.6: 
	2.7: 
	2.8: 
	2.9: 
	2.10: 
	2.11: 
	2.12: 
	2.13: 
	2.14: 
	2.15: 
	2.16: 
	2.17: 
	2.18: 
	2.19: 
	2.20: 
	2.21: 
	2.22: 
	2.23: 
	2.24: 
	2.25: 
	2.26: 
	2.27: 
	2.28: 
	2.29: 
	2.30: 
	2.31: 
	2.32: 
	2.33: 
	2.34: 
	2.35: 
	2.36: 
	2.37: 
	2.38: 
	2.39: 
	2.40: 
	2.41: 
	2.42: 
	2.43: 
	2.44: 
	2.45: 
	2.46: 
	2.47: 
	2.48: 
	2.49: 
	anm2: 
	3.0: 
	3.1: 
	3.2: 
	3.3: 
	3.4: 
	3.5: 
	3.6: 
	3.7: 
	3.8: 
	3.9: 
	3.10: 
	3.11: 
	3.12: 
	3.13: 
	3.14: 
	3.15: 
	3.16: 
	3.17: 
	3.18: 
	3.19: 
	3.20: 
	3.21: 
	3.22: 
	3.23: 
	3.24: 
	3.25: 
	3.26: 
	3.27: 
	3.28: 
	3.29: 
	3.30: 
	3.31: 
	3.32: 
	3.33: 
	3.34: 
	3.35: 
	3.36: 
	3.37: 
	3.38: 
	3.39: 
	3.40: 
	3.41: 
	3.42: 
	3.43: 
	3.44: 
	3.45: 
	3.46: 
	3.47: 
	3.48: 
	3.49: 
	anm3: 
	4.0: 
	4.1: 
	4.2: 
	4.3: 
	4.4: 
	4.5: 
	4.6: 
	4.7: 
	4.8: 
	4.9: 
	4.10: 
	4.11: 
	4.12: 
	4.13: 
	4.14: 
	4.15: 
	4.16: 
	4.17: 
	4.18: 
	4.19: 
	4.20: 
	4.21: 
	4.22: 
	4.23: 
	4.24: 
	4.25: 
	4.26: 
	4.27: 
	4.28: 
	4.29: 
	4.30: 
	4.31: 
	4.32: 
	4.33: 
	4.34: 
	4.35: 
	4.36: 
	4.37: 
	4.38: 
	4.39: 
	4.40: 
	4.41: 
	4.42: 
	4.43: 
	4.44: 
	4.45: 
	4.46: 
	4.47: 
	4.48: 
	4.49: 
	4.50: 
	4.51: 
	4.52: 
	4.53: 
	4.54: 
	4.55: 
	4.56: 
	4.57: 
	4.58: 
	4.59: 
	4.60: 
	4.61: 
	4.62: 
	4.63: 
	4.64: 
	4.65: 
	4.66: 
	4.67: 
	4.68: 
	4.69: 
	4.70: 
	4.71: 
	4.72: 
	4.73: 
	4.74: 
	4.75: 
	4.76: 
	4.77: 
	4.78: 
	4.79: 
	4.80: 
	4.81: 
	4.82: 
	4.83: 
	4.84: 
	4.85: 
	4.86: 
	4.87: 
	4.88: 
	4.89: 
	4.90: 
	4.91: 
	4.92: 
	4.93: 
	4.94: 
	4.95: 
	4.96: 
	4.97: 
	4.98: 
	4.99: 
	4.100: 
	4.101: 
	4.102: 
	4.103: 
	4.104: 
	4.105: 
	4.106: 
	4.107: 
	4.108: 
	4.109: 
	4.110: 
	4.111: 
	4.112: 
	4.113: 
	4.114: 
	4.115: 
	4.116: 
	4.117: 
	4.118: 
	4.119: 
	4.120: 
	4.121: 
	4.122: 
	4.123: 
	4.124: 
	4.125: 
	4.126: 
	4.127: 
	4.128: 
	4.129: 
	4.130: 
	4.131: 
	4.132: 
	4.133: 
	4.134: 
	4.135: 
	4.136: 
	4.137: 
	4.138: 
	4.139: 
	4.140: 
	4.141: 
	4.142: 
	4.143: 
	4.144: 
	4.145: 
	4.146: 
	4.147: 
	4.148: 
	4.149: 
	4.150: 
	4.151: 
	4.152: 
	4.153: 
	4.154: 
	4.155: 
	4.156: 
	4.157: 
	4.158: 
	4.159: 
	4.160: 
	4.161: 
	4.162: 
	4.163: 
	4.164: 
	4.165: 
	4.166: 
	4.167: 
	4.168: 
	4.169: 
	4.170: 
	4.171: 
	4.172: 
	4.173: 
	4.174: 
	4.175: 
	4.176: 
	4.177: 
	4.178: 
	4.179: 
	4.180: 
	4.181: 
	4.182: 
	4.183: 
	4.184: 
	4.185: 
	4.186: 
	4.187: 
	4.188: 
	4.189: 
	4.190: 
	4.191: 
	4.192: 
	4.193: 
	4.194: 
	4.195: 
	4.196: 
	4.197: 
	4.198: 
	4.199: 
	4.200: 
	4.201: 
	4.202: 
	4.203: 
	4.204: 
	4.205: 
	4.206: 
	4.207: 
	4.208: 
	4.209: 
	4.210: 
	4.211: 
	4.212: 
	4.213: 
	4.214: 
	4.215: 
	4.216: 
	4.217: 
	4.218: 
	4.219: 
	4.220: 
	4.221: 
	4.222: 
	4.223: 
	4.224: 
	4.225: 
	4.226: 
	4.227: 
	4.228: 
	4.229: 
	4.230: 
	4.231: 
	4.232: 
	4.233: 
	4.234: 
	4.235: 
	4.236: 
	4.237: 
	4.238: 
	4.239: 
	4.240: 
	4.241: 
	4.242: 
	4.243: 
	4.244: 
	4.245: 
	4.246: 
	4.247: 
	4.248: 
	4.249: 
	anm4: 
	5.0: 
	5.1: 
	5.2: 
	5.3: 
	5.4: 
	5.5: 
	5.6: 
	5.7: 
	5.8: 
	5.9: 
	5.10: 
	5.11: 
	5.12: 
	5.13: 
	5.14: 
	5.15: 
	5.16: 
	5.17: 
	5.18: 
	5.19: 
	5.20: 
	5.21: 
	5.22: 
	5.23: 
	5.24: 
	5.25: 
	5.26: 
	5.27: 
	5.28: 
	5.29: 
	5.30: 
	5.31: 
	5.32: 
	5.33: 
	5.34: 
	5.35: 
	5.36: 
	5.37: 
	5.38: 
	5.39: 
	5.40: 
	5.41: 
	5.42: 
	5.43: 
	5.44: 
	5.45: 
	5.46: 
	5.47: 
	5.48: 
	5.49: 
	anm5: 


